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of the second kind has been introduced. This new method is resulted from HPM by a simple mod-
iﬁcation. This modiﬁcation is based on the existence of Taylor expansion of the kernel and source
terms. To illustrate the new modiﬁcation on HPM some examples are presented. Comparisons of
the results of applying modiﬁed HPM and classical HPM reveal the new technique is very effective
and convenient.
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Homotopy perturbation method established by He, on 1998
(He, 1999, 2000). The ability of the method will be more ap-
pear when it is applied to solve nonlinear equations (Siddiqui
et al., 2006; Cveticanin, 2006; Biazar et al., 2009; Abbasbandy,
2006; Biazar and Ghazvini, 2009; Biazar et al., 2007; Ozis and
Yildirim, 2007; Ghori et al., 2007; Rana et al., 2007; Tari et al.,
2007; Ariel et al., 2006; Odibat and Momani, 2008). In this3251508.
.ir, jafar.biazar@gmail.com
eslami_mostafa@yahoo.com
ity. All rights reserved. Peer-
d University.
lsevierarticle a simple modiﬁcation on the method will be studied
and will be applied to solve systems of Volterra integral equa-
tions of the second kind.
A system of Volterra integral equations of the second kind
(Delves and Mohamed, 1985) can be considered as
FðtÞ ¼ GðtÞ þ
Z t
0
Kðs; t;FðsÞÞds; ð1Þ
where
FðtÞ ¼ ðf1ðtÞ; f2ðtÞ; . . . ; fnðtÞÞT;
GðtÞ ¼ ðg1ðtÞ; g2ðtÞ; . . . ; gnðtÞÞT;
Kðs; t;FðsÞÞ ¼ ðk1ðs; t;FðsÞÞ; k2ðs; t;FðsÞÞ; . . . ; knðs; t;FðsÞÞÞT:
If k(s, t,F(s)), be linear, system (1) can be presented as the fol-
lowing simple form:
FiðtÞ ¼ giðtÞ þ
Z t
0
Xn
j¼1
ki;jðs; tÞFjðsÞds; i ¼ 1; 2; . . . ; n: ð2Þ
Using the usual vector-matrix notation, this linear system will
be written as
36 J. Biazar, M. EslamiFðtÞ ¼ GðtÞ þ
Z t
0
Kðs; tÞFðsÞds: ð3Þ
For solving system (2), by He’s homotopy perturbation meth-
od we construct the following homotopy
/iðtÞ ¼ giðtÞ þ p
Z t
0
Xn
j¼1
ki;jðs; tÞ/jðsÞds; i ¼ 1; 2; . . . ; n: ð4Þ
Suppose the solutions of system (4) have the following form
/iðtÞ ¼ /i;0ðtÞ þ p/i;1ðtÞ þ p2/i;2ðtÞ þ    ; i
¼ 1; 2; . . . ; n; ð5Þ
where /i,j,i= 1,2, . . .,n, are functions which should be
determined.
Substituting (5) into (4) and equating the coefﬁcients of p
with the same power leads to
p0 : /i;0ðtÞ ¼ giðtÞ; i ¼ 1; 2; . . . ; n;
p1 : /i;1ðtÞ ¼
Z t
0
Xn
j¼1
ki;jðs; tÞ/j;0ðsÞds; i ¼ 1; 2; . . . ; n;
p2 : /i;2ðtÞ ¼
Z t
0
Xn
j¼1
ki;jðs; tÞ/j;1ðsÞds; i ¼ 1; 2; . . . ; n;
p3 : /i;3ðtÞ ¼
Z t
0
Xn
j¼1
ki;jðs; tÞ/j;2ðsÞds; i ¼ 1; 2; . . . ; n;
..
.
The approximated solutions of (2), therefore, can be obtained
by setting p= 1
FiðtÞ ¼ lim
p!1
/iðtÞ ¼
X1
j¼0
/i;jðtÞ; i ¼ 1; 2; . . . ; n: ð6Þ2. The new technique
To accelerate the convergence of homotopy perturbation
method, when it is used for systems of Volterra integral equa-
tions of the second kind, if the kernels ki,j(s, t) are separable,
say ki,j(s, t) = ki,j,1(s)ki,j,2(t), and functions ki,j,1(s), ki,j,2(t) and
gi(t) are analytic, the new idea is based on the replacement
of these functions by their Taylor expansions
giðtÞ ¼
X1
l¼0
gi;lðtÞ; ki;jðs; tÞ ¼ ki;j;1ðsÞki;j;2ðtÞ
¼
X1
l¼0
ki;j;1;lðsÞ
X1
l¼0
ki;j;2;lðtÞ: ð7Þ
With gi;lðtÞ ¼ giðtlÞðttlÞl! ; ki;j;1;lðtÞ ¼
ki;j;1ðtlÞðttl
l!
, and ki;j;1;lðsÞ
¼ ki;j;1ðslÞðsslÞ
l!
, respectively.
Substitution Eqs. (7) into Eq. (2) results in
LðFjÞ ¼ FjðtÞ 
X1
l¼0
gi;lðtÞ 
Z x
0
X1
l¼0
ki;j;1;lðsÞ
X1
l¼0
ki;j;2;lðtÞFjðsÞds
¼ 0; j ¼ 1; 2; . . . ; n:
The following homotopy can be constructed
Hð/j; pÞ ¼ /jðtÞ 
X1
l¼0
gi;lðtÞpl  p
Z x
0
X1
l¼0
ki;j;1;lðsÞpl

X1
l¼0
ki;j;2;lðtÞpl/jðsÞds
¼ 0; j ¼ 1; 2; . . . ; n: ð8ÞSubstituting (5) into (8), and equating the coefﬁcients of the
terms with identical powers of p, components of series solution
(6) will be obtained.
This technique is simple and very effective tool which usu-
ally leads to the exact solutions. This method can be used for
problems that the homotopy perturbation method does not
work.
3. Existence and uniqueness of the solution
To prove existence and uniqueness, we extend the same results
for the linear Volterra integral equation of the second kind
(Linz, 1985), to (3), and use the classical approach, so-called
the Picard method. This consists of the following simple
iterations:
FnðtÞ ¼ GðtÞ þ
Z t
0
Kðt; sÞFn1ðsÞds; ð9Þ
with
F0ðtÞ ¼ GðtÞ:
For simplicity it is convenient to introduce
WnðtÞ ¼ FnðtÞ  Fn1ðtÞ; n ¼ 1; 2; . . . ; ð10Þ
with
W0ðtÞ ¼ GðtÞ:
On subtracting from (9) the same equation with n replaced by
n  1, we obtain
WnðtÞ ¼
Z t
0
Kðt; sÞWn1ðsÞds; n ¼ 1; 2; . . . ð11Þ
Also from (4),
FnðtÞ ¼
Xn
i¼0
WiðtÞ: ð12Þ
In the following theorem, we use this iteration to prove the
existence and uniqueness of the solution under the hypothesis
that K(t, s) and G(t) are continues.
Theorem 1. If G(t) and K(t, s) are continuous in 0 6 s 6 t 6 T,
then the system (3) has a unique continuous solution for
0 6 t 6 T.
Proof 1. There exist constants g and k such that
kGðtÞk 6 g; 0 6 t 6 T; kKðt; sÞk 6 k; 0 6 s 6 t 6 T:
We ﬁrst prove, by induction, that
kWnk 6 gðktÞ
n
n!
0 6 t 6 T n ¼ 1; 2; . . . ð13Þ
Let’s assume validity of (13) for n  1, then form (11),
kWnk 6 gk
n
ðn 1Þ!
Z t
0
sn1ds ¼ gk
ntn
n!
:
Since (11) is obviously true for n= 0, it holds for all n. These
bounds make it obvious that the sequence Fn(t), in (6) conver-
gence uniformly and we can write
FðtÞ ¼
X1
i¼0
WiðtÞ: ð14Þ
Modiﬁed HPM for solving systems of Volterra integral equations of the second kind 37We now show that F(t) satisﬁes Eq. (3). By uniform conver-
gence of (14), order of integration and summation in the fol-
lowing expression, can be changedZ t
0
Kðt; sÞ
X1
i¼0
WiðsÞds ¼
X1
i¼0
Z t
0
Kðt; sÞWiðsÞds ¼
X1
i¼0
Wiþ1ðtÞ
¼
X1
i¼0
WiðtÞ  GðtÞ:
This proves that F(t), deﬁned by (14), satisﬁes Eq. (3). Each of
the Wi(t) are clearly continuous. Therefore F(t) is continuous,
since it is the limit of a uniformly convergent series of contin-
uous functions.
To show that F(t) is the unique continuous solution,
suppose that there exists another continuous solution eFðtÞ,
then
FðtÞ  eFðtÞ ¼ Z t
0
Kðt; sÞðFðsÞ  eFðsÞÞds: ð15Þ
Since F(t) and eFðtÞ are both continuous there exists a constant
B such that
kFðtÞ  eFðtÞk 6 B; 0 6 t 6 T:
Substituting this into (9) gives,
kFðtÞ  eFðtÞk 6 kBt; 0 6 t 6 T:
Repeating this substitution leads to
kFðtÞ  eFðtÞk 6 BðktÞn
n!
; 0 6 t 6 T;
for any n. obviously BðktÞ
n
n!
! 0, as nﬁ1 for any t, which im-
plies that
FðtÞ ¼ eFðtÞ; 0 6 t 6 T:
This completes the proof. h4. Numerical Example
In this part three examples are provided. These examples are
considered to illustrate ability and reliability of the new
technique.
Example 1. Consider the following linear system of Volterra
integral equations of the second kind
uðxÞ ¼ fðxÞ þ R x
0
ðtetvðtÞ þ uðtÞÞdt;
vðxÞ ¼ gðxÞ þ R x
0
ðtetuðtÞ  vðtÞÞdt;
(
ð16Þ
where fðxÞ ¼ 1 x2
2
, and gðxÞ ¼ 1þ x2
2
.
Homotopy perturbation method:
Using HPM, leads to
uðxÞ ¼ fðxÞ þ p R x
0
ðtetvðtÞ þ uðtÞÞdt;
vðxÞ ¼ gðxÞ þ p R x
0
ðtetuðtÞ  vðtÞÞdt:
(
ð17Þ
Substituting (5) into (17), and equating the coefﬁcients of the
terms with identical powers of p, the following terms will be
achievedu0ðxÞ ¼ 1 x22 ;
v0ðxÞ ¼ 1þ x22 ;
(
u1ðxÞ ¼ 4þ x 16 x3  4ex þ 4xex  32 x2ex þ 12 x3ex;
v1ðxÞ ¼ 2 x 16 x3  2ex  2xex  32 x2ex  12 x3ex;
(
..
.
Then the series solution, by the homotopy perturbation meth-
od, is as follows:
uðxÞ ¼P1
i¼0
uiðxÞ ¼ 1 x22 þ 4þ x 16 x3  4ex þ 4xex
 3
2
x2ex þ 1
2
x3ex þ 22þ   
vðxÞ ¼P1
i¼0
viðxÞ ¼ 1þ x22 þ 2 x 16 x3  2ex  2xex
 3
2
x2ex  1
2
x3ex þ 8þ   
8>>>><>>>>:
The new technique:
We use the Taylor series for tet and tet
tet ¼
X1
n¼0
tnþ1
n!
;
 tet ¼
X1
n¼0
ð1Þnþ1tnþ1
n!
:
And construct the following homotopy, after substitution of
Taylor series in Eq. (16)
uðxÞ ¼ 1 p x2
2
þ p R x
0
P1
n¼0
tnþ1
n!
pnvðtÞ þ uðtÞ
 
dt;
vðxÞ ¼ 1þ p x2
2
þ p R x
0
P1
n¼0
ð1Þnþ1tnþ1
n!
pnuðtÞ  vðtÞ
  
dt:
8>><>>:
ð18Þ
Substituting (5) into (18), and equating of the terms with iden-
tical powers of p, gives
p0 :
u0ðxÞ ¼ 1;
v0ðxÞ ¼ 1;

p1 :
u1ðxÞ ¼ x;
v1ðxÞ ¼ x;

..
.
pjþ1 :
ujþ1ðxÞ ¼
R x
0
Pj
k¼0
tkþ1
ðkÞ! vjkðtÞ
 
þ ujðtÞ
 
dt;
vjþ1ðxÞ ¼
R x
0
Pj
k¼0
 ð1Þktkþ1
k!
ujkðtÞ
 
 vjðtÞ
 
dt;
8>><>>:
..
.
Therefore the solution of Example 1 can be readily presented
by
uðxÞ ¼
X1
i¼0
uiðxÞ ¼ 1þ xþ x
2
2
þ x
3
6
þ x
4
24
þ   
vðxÞ ¼
X1
i¼0
viðxÞ ¼ 1 xþ x
2
2
 x
3
6
þ x
4
24
þ   
With the summation, u(x) = ex, v(x) = ex, which is exact
solution.
38 J. Biazar, M. EslamiExample 2. Let’s solve the following system of integral
equation (ŒxŒ< 1)
uðxÞ  1 ¼ R x
0
1
2ðtþ1Þ uðtÞ  2tvðtÞ
 
dt;
vðxÞ ¼ R x
0
1
2ðtþ1Þ vðtÞ þ 2tuðtÞ
 
dt:
8><>: ð19Þ
Homotopy perturbation method:
Using HPM, we have
uðxÞ  1 ¼ p R x
0
1
2ðtþ1Þ uðtÞ  2tvðtÞ
 
dt;
vðxÞ ¼ p R x
0
1
2ðtþ1Þ vðtÞ þ 2tuðtÞ
 
dt:
8><>: ð20Þ
Substituting (5) into (20), and equating the coefﬁcients of the
terms with identical powers of p, leads to
u0ðxÞ ¼ 1;
v0ðxÞ ¼ 0;

u1ðxÞ ¼ 12 lnð1þ xÞ;
v1ðxÞ ¼ x2;

..
.
Therefore the approximation solution of Example 2 can be
written as
uðxÞ ¼P1
i¼0
uiðxÞ ¼ 1þ 12 lnð1þ xÞ  12x4 þ 18 lnð1þ xÞ þ   
vðxÞ ¼P1
i¼0
viðxÞ ¼ x2 þ 12 x2 lnð1þ xÞ þ   
8><>:
The new technique:
The Taylor series of the function 1
2ðxþ1Þ, can be presented as
follows:
1
2ðxþ 1Þ ¼
X1
n¼0
ð1Þnxn
2
;
by substitution of these series into Eq. (19) the following
homotopy can be constructed.
uðxÞ  1 ¼ p R x
0
P1
n¼0
ð1Þntn
2
pnuðtÞ  2tvðtÞ
  
dt;
vðxÞ ¼ p R x
0
P1
n¼0
ð1Þntn
2
pnvðtÞ þ 2tuðtÞ
  
dt:
8>><>>: ð21Þ
Substituting (5) into (21), and equating the coefﬁcients of the
terms with identical powers of p, reads to
p0 :
u0ðxÞ ¼ 1;
v0ðxÞ ¼ 0;

p1 :
u1ðxÞ ¼ 12 x;
v1ðxÞ ¼ x2;

..
.
pjþ1 :
ujþ1ðxÞ ¼
R x
0
Pj
k¼0
ð1Þktk
2
ujkðtÞ
 
 2tvjðtÞ
 
dt;
vjþ1ðxÞ ¼
R x
0
Pj
k¼0
ð1Þktk
2
vjkðtÞ
 
þ 2tujðtÞ
 
dt;
8>><>>:
..
.
Therefore the solution of Example 2, can be readily presented
as the followinguðxÞ ¼
X1
i¼0
uiðxÞ ¼ 1þ 1
2
x 1
8
x2 þ 1
16
x3  69
128
x4 þ   
vðxÞ ¼
X1
i¼0
viðxÞ ¼ x2 þ 1
2
x3  1
8
x4 þ 1
16
x5  79
384
x6    
And hence,
uðxÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ xp cosðx2Þ;
vðxÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ xp sinðx2Þ:
(
Which is solution of Example 2.
Example 3. Consider the following system of integral
equations
f1ðtÞþ
R t
0
eðstÞf1ðsÞdsþ
R t
0
cosðs tÞf2ðsÞds¼ cosh tþ tsin t;
f2ðtÞþ
R t
0
esþtf1ðsÞdsþ
R x
0
tcossf2ðsÞds¼ 2sin tþ tðsin2 tþ etÞ;
(
ð22Þ
where f1(t) = e
t, and f2(t) = 2 sint (Biazar and Ghazvini,
2009).
Let’s use the new technique to solve this equation
Substitution of Taylor series of fi(t) and ki,j(s, t) in the Eq.
(22), the following homotopy can be constructed
f1ðtÞ¼p
R t
0
P1
n¼0
ðsÞn
n!
pn
P1
n¼0
tn
n!
pnf1ðsÞds
pR t
0
P1
n¼0ð1Þn s
2n
ð2nÞ!p
n
P1
n¼0
ð1Þn t2nð2nÞ!pnf2ðsÞ
þP1
n¼0
ð1Þn s2nþ1ð2nþ1Þ!pn
P1
n¼0
ð1Þn t2nþ1ð2nþ1Þ!pnf2ðsÞ
0BB@
1CCAds
þ 1
2
P1
n¼0
tn
n!
þðtÞn
n!
 
pnþ tP1
n¼0
ð1Þn t2nþ1ð2nþ1Þ!pn;
f2ðtÞ¼p
R t
0
P1
n¼0
ðsÞn
n!
pn
P1
n¼0
tn
n!
pnf1ðsÞdsp
R t
0
t
P1
n¼0
ð1Þn s2nð2nÞ!pnf2ðsÞds
þ2P1
n¼0
ð1Þn t2nþ1ð2nþ1Þ!pnþ t 12 12
P1
n¼0
ð1Þn ð2tÞ2nð2nÞ! pnþ
P1
n¼0
ðtÞn
n!
pn
 
:
8>>>>>>>>>>><>>>>>>>>>>>:
ð23Þ
Substituting (5) into (23), and equating the terms with identical
powers of p, leads to
p0 :
f1;0ðtÞ¼1þ t2;
f2;0ðtÞ¼3t;
(
p1 :
f1;1ðtÞ¼76t4 t 13t3 32t2;
f2;1ðtÞ¼76t3þ t2 t;
(
p2 :
f1;2ðtÞ¼ 61120t6þ t2 160t5þ 74t4þ 16t3;
f2;2ðtÞ¼ 712t5þ 32t3 56t4 t2;
(
..
.
pj :
f1;jðtÞ¼
R t
0
Pj1
i¼0
Pji1
k¼0
ðsÞi
i!
tk
k!
f1;jki1ðsÞds
 R t
0
Pj1
i¼0
Pji1
k¼0
ð1Þi s2ið2iÞ!ð1Þk t
2k
ð2kÞ!f2;jki1ðsÞ
þPj1
i¼0
Pji1
k¼0
ð1Þi s2iþ1ð2iþ1Þ!ð1Þk t
2kþ1
ð2kþ1Þ!f2;jki1ðsÞ
0BBB@
1CCCAds
þ 1
2
tj
j!
þðtÞj
j!
 
þ tð1Þj t2jþ1ð2jþ1Þ! ;
f2;jðtÞ¼
R t
0
Pj1
i¼0
Pji1
k¼0
ðsÞi
i!
tk
k!
f1;jki1ðsÞds
R t
0
t
Pj1
k¼0
ð1Þk s2kð2kÞ!f2;jk1ðsÞds
þ2ð1Þj t2jþ1ð2jþ1Þ!þ t 12ð1Þj ð2tÞ
2j
ð2jÞ! þðtÞ
j
j!
 
;
8>>>>>>>>>>><>>>>>>>>>>>:
..
.
Modiﬁed HPM for solving systems of Volterra integral equations of the second kind 39The series form of the solution is given by
f1ðtÞ ¼
X1
i¼0
f1;iðtÞ ¼ 1 tþ t
2
2
 t
3
6
þ t
4
24
þ   
f2ðtÞ ¼
X1
i¼0
f2;iðtÞ ¼ 2t 2 ðtÞ
3
6
þ 2 ðtÞ
5
120
þ   
With the closed form, f1(t) = e
t, and f2(t) = 2 sint, which is
exact solution.
5. Conclusion
In this paper, a modiﬁed form of HPM, for solving systems of
Volterra integral equations of the second kind, is studied suc-
cessfully. This new idea is based on the series forms of the
function G(t) and the kernel K(s, t). So it is necessary to men-
tion that this procedure can be used when G(t), K(s, t) are ana-
lytic. The most important note which is worth to mention is
that this procedure leads, almost, to exact solution for both
linear and nonlinear equations. The computations associated
with examples were performed using the package maple 13.
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